Bellman Error Based Feature Generation using
Random Projections on Sparse Spaces
Appendix

Mahdi Milani Fard, Yuri Grinberg, Amir massoud Farahmand, Joelle Pineau, Doina Precup
School of Computer Science
McGill University
Montreal, Canada
{mmilanl,ygrinb,amirf, jpineau, dprecup}@cs.mcgill.ca

1 Preliminaries

To obtain a finite sample bound on the error of our algorithm, we require a mixing condition on the
Markov chain induced by a given fixed policy in an MDP. Specifically we assume that the Markov
chain uniformly quickly forgets its past. For such chains, we present here an extension of Bernstein’s
inequality based on Samson [1]].

Let x3, .. .,X, be a time-homogeneous Markov chain with transition kernel 7'(+|-) taking values in
some measurable space X'. Consider the concentration of the average of the Markov Process:
(Xlaf(xl)),'"a(XTHf(XTL))a (1)

where f : X — [0,b] is a fixed measurable function. To arrive at a concentration inequality, we
need a characterization of how fast (x;) forgets its past.

Let T%(-|z) be the i-step transition kernel: T%(A|x) = Pr{x;41 € A|x; = x} (forall A C X
measurable). Define upper-triangular matrix I';, = (7y;;) € R"*" as:

v = sup [ T77([x) = TV (CJy) v, 2

(x,y)ex?
forl1 <i < j<mandlety; = 1(1 < ¢ < n). The operator norm of this matrix |T,||
w.r.t. the Euclidean distance, is a measure of dependence for the random sequence x1, X2, . . ., Xy.
For example with independent x;’s, I';, = I'and ||T',,|| = 1. In general ||T',,||, which appears in our

concentration inequalities for dependent sequences, can grow with n. We can see that the “effective”
sample size is n/ |||

We say that a time-homogeneous Markov chain uniformly quickly forgets its past if:

7 =sup [T, [ < +oo. 3)
n>1

We refer to 7 as the forgetting time of the chain. Conditions under which a Markov chain uniformly
quickly forgets its past are of major interest. For further discussion on this, see [2].

The following result from [2] is a trivial corollary of Theorem 2 of [[1]]. Samson’s result is stated for

empirical processes and can be considered as a generalization of Talagrand’s inequality to dependent

random variables.

Theorem 6 ([2]). Let f be a measurable function on X whose values lie in [0,D], (x;)1<i<n be a
L f(x

b <n
homogeneous Markov chain taking values in X with forgetting time 7. Let z = % Z:L: f(x;). For
alle > 0:

en
p(Z_E[z]>e><exp<—2bTaE{M)’

P(E[s] — 2> ¢) < exp (—%ilﬁz]).



We use the above concentration theorem to provide a finite sample bound on the error of regression
with non i.i.d. data.

2 Proof of Theorem 4

Proof. To begin the proof of the main theorem, first note that we can write the TD-errors as the
sum of Bellman errors and some noise term: §; = ey (x¢) + 7;. These noise terms form a series of
martingale differences, as their expectation is 0 given all the history up to that point:

En|x1...x¢,71...7—1] = 0. ()

We also have that the Bellman error is linear in the features, thus in vector form:
0 =Xw+7. 5)
Using random projections, in the compressed space we have:
§=(X®)(®"w)+b+n, (6)

where b is the vector of bias due to the projection. We have from Lemma 1 that with probability
1—-¢/4,forallx € X:

|[(x"®)(2" W) — e (x)]

|(x"®)(®"w) — x"w|

€/4)
prj

IN

€prf W[

Thus, b is element-wise bounded in absolute value by ef)fj/ 4)||w|| with high probability. The
weighted L? error in regression to the TD-error as compared to the Bellman error will be:

= |[x"e)(X®) [(X®)(2 W) + b+ 1] —ev(x),

ols

HXTQW@) — ev(x)H
p

= [T @) (" w) —ev(x) + (x"®)(X®)'b + (x" @) (X®) '],

< " @)@ w) —ev(x)|, +[|(x"®)(X®)'b|, + [|(x" ®)(X®)n]|

IN

e Iwlllx], + [|(x"®)(X®) b, + [|(x" ®)(X®) n]| .

The second term is the regression to the bias, and the third term is the regression to the noise.
We present lemmas that bound these terms. The theorem is proved by the application and union
bounding of of Lemmas @], and 1 with §; = £/4. O

2.1 Bounding the Regression to Bias Terms

To bound the regression to the bias term, we need the following concentration lemmas based on
Theorem [] for fast mixing Markov chains:

Lemma 7. Under the conditions of Theorem[6] for any 0 < £ < 1, wp. 1 — &:
4b 1
z§2E[z]+—Tlogf. (7
n 3

Proof. Since E [z] > 0, using Theorem@we have for any € > 0:

P(z—2E[z]>€) = P(z—E[z]>E[z]+¢) (8)
(E[2] +€)?n
s e (‘ Wr(2E[2] + ©) ®
< oxp (- ElLEOn) 1)
en
< exp (—@> (11
The lemma follows by solving for €. [
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Lemma 8. Under the conditions of Theorem[6] for any 0 < § < 1, wp. 1 — &:

1
E[z]ﬁQz—&—@logf. (12)
no g

Proof. Since E [z] > 0, using Theorem|[6] we have for any € > 0:

P(E[]-2:>¢) = P(E[] —z>< 2] +)/2) (13)
2n

< exp < SbT > 5)

< en(-52)

a7)

The lemma follows by solving for e. O

Lemma 9 (Bounding regression to the bias). Under the conditions of Theorem 4 and assuming inner

products are preserved in Lemma 1 with e(f/ ) , with probability no less than 1 — £/2:
T (€/4) (€/4) dr , @
T Bwcll, < g wllixly 5 +d0els Vwly [ og s 8)

Proof. Define wx = (X®)'b. Also define ||.||,, to be the weighted L? norm uniform on the sample
set X:

n

16O = = S (X)) (19)

=1

We start by bounding the empirical norm ||(x? ®)wx ||,,. Given that (X®)wx is the OLS regression
to the bias on the observed points, its sum of squared errors should not be greater than any other
linear regression, including the vector 0, thus ||(xT ®)wx — b(x)||, < ||6(x)||,. We get:
" @)wxlln < [1(x"®)wx = b(x)l|n + [6(x)]n
< 2ol < 2efg wlllx]l (20)

Let W = {u € Rés.t. |Jul]| < 1}. Let S C W be an e-grid cover of W:
VWweW3IueS:||lu-v|<e (21)

It is easy to prove (see e.g. Chapter 13 of [3]) that these conditions can be satisfied by choosing a
grid of size |S| < (3/€) (S fills up the space within e distance). Applying union bound to Lemma
(et f(x) = ((xT®)u)?) for all elements in S, we get with probability no less than 1 — £ /4, for all
ues:

8ot 4|8
I @2 < 2] (T @)ul? + 227 tog 2, )

which yields the following after simplification:

8t 45|

IG<" @)ull, < V2 (" @)ulls + ey [T log == (23)



Let wi = wx/||wx||. For any X, since w € W, there exists w” € S such that ||[wi —w"| <e.
Therefore, under event (23) we have:

Jo @y, /el = o)k, o
< ") wx —w), + [ (< e)w"|| (25)
< xTe|, lwk — w"ll + V2 [(x"@)w"||,

+a/(87/n) log(4]S]/€) (26)
< alxfpe + V2[[(x"R) (W — wh)|, + V2 ]| (x"®)wk],

+a/(87/n) log(4]S]/€) 27)
< alx]pe + V2allx[lne + V2| (x"®)wk]|,

+a/(87/n) log(4]S/€) (28)
< V2| ®)wx||, / [lwx || + ae(lx], + V2Ix]|)

+a/(87/n) log(4]S]/€). (29)

Line (26) uses Equation (23), and we use Equation (2I) in lines (27) and (28). Using the definition,

we have that |[wx | < ||(X®)T|| el()fj/4)||w||\/ﬁ < fpg/4 |wl||\/1/v. Thus, using Equation (20) we
get:

4) 4
T @pwx, < VB Wl + aels Y Iwliey/17w (Il + V2Iix]n )

p1j p1j

4
+ael M |w ”\/ log 'f (30)

Using Lemmaon the squared norm of x, we get with probability no less than 1 — £/4:

4t 4
el < 2lfxll; + 7 log 2. 31

which yields the following after simplification:

T 4
Il < VBl + 2,/ log . @

Setting ¢ = 1/v/d, using Equation (32) and substituting |:S| into (30) we get:
4
[T @)wx ||, < (8+3ay/1/dv)el " [wlxl,
1
H(V32 + a8l wly [ log ¢

e/ [T 105 2BVD

Q€ ¢ (33)

Since d > 10, v < az/d and o > 1 we have:

4
lor @y, < 11y S lwllix,
1 4
+9a\/; 9wy |- gz

+3aess [wlly / (34)

Union bounding over the events of Eqn (22)) and (31) gives the lemma after simplification. O



2.2 Bounding the Regression to Noise Terms

To bound the regression to the noise, we need the following lemma on martingales:

Lemma 10. Lety be a vector of size n X 1, in which row t is a function of x;. Then with probability
1 — & we have:

2
¥l < dmalylly 2108 - (35)
Proof. This is a simple application of a concentration inequality on martingales. O

Lemma 11 (Bounding regression to the noise). Under the conditions of Theorem 4 and assuming
inner products are preserved in Lemma 1 with 615%/4), with probability no less than 1 — £ /4:

Kkd d
H(xT@)(ch)Tan < 200max 1%, E1ogg. (36)

Proof. Forall i € {1,...,d}, define the vector e”le to have 1 on the 7th row and be 0 elsewhere.

Using union bound on Lemma. we have with probability no less than 1 — & /4

Vi 6T (X2)7] < B X 2108 37)

For any fixed x € X, define y” = (x7®)((X®)? (X®))~*. We have:

(x"®)(X®)'n| = [|y"(X®)n| (38)
d
d
< Z y'ei| |ef (X®)n (40)
< bmax| X2 2log e “D
8d
< Omax[| X2l 2dlog?||y||~ (42)
Therefore we get:
r ; T 1 8d
H(X (I’)(X‘I’) 77”,0 S ma,x”X‘bH H q’ (Xq’ H 2d10g? (43)
. 8d
< b X, X (X)T( ly/2dlog 5 @44
2kd 8d
< 51nax —1 T 45
< « Hpr — ng 45)
which gives the lemma after simplification. O



3 Proof of Lemma 3

Proof. We have that V™ is the fixed point to the Bellman operator (i.e. 7V™ = V™), and that the
operator is a contraction with respect to the weighted L? norm on the stationary distribution p [4]:

[TV () =TV, <7 V() - V'), (46)

‘We thus have:

V7)) = (VE) +9E)I, < V) =TVE)|+ [(TV() - VX)) - &), @¢7)
< TV =TV, + el TV(x) = V(x)], (48)
< VT =V,

+el[TV() =TV, +ellVT(x) =V, (49
< (v+er+ Vi) -V, - (50)
O

4 Proof of Lemma 4

Proof. Lete = (y0 —7)/(1 4+ ), c4 = 25600 and ¢5 = 64. Substituting d, and n into Theorem 2,
(@)

ols

after simplification, with probability 1 — & we get: ||x? ®w
follows immediately by an application of Lemma 3.

= xXTW| px) < eHxTWHp. Proof

S CBEBF With Compressed Ridge Regression

The dependence of the bound of Theorem 2 on the smallest eigenvalue of the empirical gram matrix
can be linked to the properties of the pseudo inverse and its use in OLS regression. To avoid such
dependence, we might need to use an extra level of regularization in the compressed space.

One possible solution is the use of ridge regression instead of OLS in the inner loop of our algorithm.
The detailed analysis of the error rate of such algorithm is beyond the scope of this work, but
we expect the dependence on v to be replaced by the regularization factor of the ridge regression,
denoted by A, with the addition of an extra bias factor. An optimal choice for A can be found either
using an upper bound on the error rate, or empirically using cross validation.
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